Some of the known examples of pure resolutions include the coordinate rings of: the tangent cone of a minimally elliptic singularity or a rational surface singularity [15] , a variety defined by generic maximal Pfaffians [2] , a variety defined by maximal minors of a generic matrix [3] , a variety defined by the submaximal minors of a generic square matrix [6] , and certain of the Segre-Veronese varieties [1] . If / is in addition Cohen-Macaulay, then Herzog and Kiihl have shown that the betti numbers b t are completely determined by the twists d t . The main purpose of this note is to give a closed formula for the multiplicity of R/I in the case that R/I is Cohen-Macaulay with a pure resolution. We denote the multiplicity e(R/I). Our main result is that
e(R/I) = [Hd-)/p\.
This formula imposes strong restrictions on the d t (as e(R/I) must be an integer), and suggests the question: when does the multiplicity completely determine the resolution type (J l5 .. ., has only the resolutions x = z, y = u in N, then it follows that e determines the resolution type of R/I. We have been unable to show 1 J uniqueness, but (1.1) has only the trivial solutions for e = 10 .
In the second section we investigate numerical constraints on pure resolutions. For instance if e ^ 2 p and e has no prime divisors greater than/?, then the last twist d is at most/? + p n/ + 1, provided that p is sufficiently large. Indeed, there is a delicate interplay between d j for j close to 1 or close to/? that allows us to conclude that certain algebras can not have pure resolutions. By computing the socle degree of a suitable O-dimensional quotient, we can apply our techniques to show that the cone of the s-uple embedding of P 2 into P^" 1 , for N = ( -), has a pure resolution if and only if s = 3, a result which extends those in [1] . We conclude by investigating which Hilbert functions are possible for O-dimensional algebras R/I with pure resolutions and (<m R ) A = 0. It would be very interesting to completely determine which Hilbert functions can give rise to pure resolutions.
In [12] Peskine and Szpiro have given a multiplicity formula for a graded module with a graded free resolution (not necessarily pure). In our setting their formula becomes
pi /=o which is similar, but not identical, to the formula of Herzog and Kiihl [9] that we use. To obtain a closed expression one must still use the result of Herzog 
Proof It follows from elementary considerations (as in [9] ) that To show that the large summation equals 1, consider the rational function
This function has simple poles contained in the set {d x ,. . ., d p } since d i ¥= dj for / T^ j\ and since d t is at worst a simple pole,
Hence we obtain the formula ru (1.4) *(/*//) = --2 Res,./(z).
The sum of all the residues of a rational function at all poles (including oo) is zero [11, p. 233], so 2 Res,./(z) = -Re Soo /(z).
= 1
By integrating around a circle of sufficiently large radius and making a change of variables z -> 1/z, we see that (1 -djz).
has a simple pole with residue 1 at 0; thus by (1.4) we have the desired formula.
We give a few examples to which Theorem 1.2 applies. Throughout we assume that R is a polynomial ring over a field, / is homogeneous, and R/I is Cohen-Macaulay. Example 1.5. Suppose ht(7) = 2. Then / = I n (X) is generated by the n X n minors of an n X (n + 1) matrix X and R/I has resolution 
and so e(/*//) = ^3«(" + 1)(2« + l)/6. Example 1.7. Suppose A' is an (« 4-1) X (« + 1) matrix of forms of degree d such that ht(I n (X)) = 4. Then R/I n (X) is Gorenstein and by Gulliksen and Negard [6] it has resolution
Example 1.8. If /£// is Cohen-Macaulay of minimal multiplicity, i.e., e(R/I) = ht(/) + 1, then by Sally [13] /*// has a pure resolution of form 
Therefore Example 1.10. Assume char k =£ 2. Let X be an « X « symmetric matrix and / = 7^_ 1 (A r ). If ht(/) = 3 and the entries of X are forms of degree d, then by Goto and Tachibana [5] (or, without the characteristic assumption, by Jozefiak [10] , whose article appeared slightly later) the resolution R/I has the form
,(•?) 
where / A = (y + 1) .
Proof Since R/I is Gorenstein, the shifts in the resolution are dual and the resolution must have the form
Set x = J 2 -^i-By Herzog and Kiihl [9] , or equation (1.3) above,
If we set d x = jcy then we obtain the desired resolution type, and the multiplicity formula follows by Theorem 1.2.
All the above resolution types are actually attainable as Example 1.7 shows. PROPOSITION 
Let R = k[X x , . . ., X n ] and suppose R/I is a Gorenstein algebra of codimension four with apure resolution. If e = e(R/I) ^10 , then the resolution type of R/I is uniquely determined by e.
Proof. By Lemma 1.11 with y replacing y + 1, the statement of the proposition is equivalent to saying that the equation This equality together with (1.13) forces x 2 = z 2 and hence x = z, y = u. Therefore, if (1.13) has a solution with x ¥= z, we may assume that x > 3.6y. It follows that Although the proposition no doubt sounds strange, if not completely bizarre, it is quite useful. Before giving some examples, we offer a corollary, which is easy to state and which eliminates the possibility that S = 0. and/7 > 0 it is easy to see that e < (p + \)(p +2)/(K + 1); Proposition 2.2 immediately yields the conclusion.
In the next series of examples we shall see that the method of proof of (2.2) can be used to constrain d-forj < /?, as well as d p itself, and thus rule out the possibility of a pure resolution quite efficiently. In these examples e is simply a power of a small prime, so our standing hypothesis applies.
In [1] Barcânescu and Manolache studied Segre-Veronese varieties and showed that certain ones have pure resolutions. We shall demonstrate that many do not. Let R denote the coordinate ring of the affine cone of the s-uple embedding of P Proof. For s = 1 the assertion is obvious. Barcânescu and Manolache [1] showed that R 2s has a pure resolution for s = 2, 3. We may therefore assume that s > 3.
In general, if S = /£// is a graded Cohen-Macaulay algebra of codimension p, and the last module in its minimal homogeneous resolution is ©f =1 R ( -d pi ) , then the integers d pi -p are the degrees of the socle generators of S, where S is the reduction of S modulo a maximal regular sequence consisting of forms of degree one. In particular if R 2s has a pure resolution then d = p -h 8 where S is the degree of any element of socle(S). Now
The elements A^, X\, X 2 form a maximal regular sequence of linear forms in R 2s , and we set We claim that every monomial M of degree 2s is either 0 or in socle(/? 25 Since the d i are distinct and 2 =! </ f -S /; for 1 = / = /> -2, we conclude that /P-2
is an even integer, which is a contradiction.
As a specific example, the Grassmannian of 2-planes in affine 6-space G(2, 6) has (after specializing by linear forms) Hilbert function (1, 6, 6, 1) . It follows that the coordinate ring can not have a pure resolution. 
Proof. That i')-iv') and vii') yield R/I with pure resolutions and corresponding Hilbert functions follows from known resolutions. The resolution of vi') is
One obtains the resolution for case v') by applying the mapping cone construction to the above resolution:
In these last two cases the Hilbert functions can be readily computed to be v) and vi) respectively. Finally, we assume n < 6 and m ¥= 0. Then d 3 = 6 and d x = 2. Arguing as before, we find d 2 = 4, whence 6j = 3 and / is a complete intersection, precisely case iv).
This analysis is very simple, but we offer it as an indication of the strength of the assumptions. It would be interesting to detemine exactly which Hilbert functions correspond to pure resolutions, even in codimension 3. Three more possibilities arise if we relax the hypothesis to (X y 7, Z) 5 These would be the betti numbers for a codimension 3 Gorenstein algebra R/I with fi(I) = 4, contradicting the structure theorem of [2] .
